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INVARIANT SUBMANIFOLDS FOR AFFINE CONTROL
SYSTEMS
CHONG-KYU HAN AND HYESEON KIM
Abstract. Given an affine control system 9x “ fpxq `
řm
j“1 gjpxquj
we present a method of construction of submanifolds that are invariant
under controls assuming that the linear span of f, g1, . . . , gm has constant
rank. We use the method of reduction of Pfaffian systems to a largest
integrable subsystem and finding the first integrals and the generalized
first integrals for the vector fields f and gj’s.
1. Introduction and the statement of the main results
Let M be a connected smooth (C8) manifold of dimension n and U be
a set of admissible controls u : r0,8q Ñ Rm, m ď n. We consider an affine
control system, which is a system of differential equations of the form:
(1.1) 9x :“
dx
dt
“ fpxq `
mÿ
j“1
gjpxquj,
where x “ px1, . . . , xnq are local coordinates of M , f and g1, . . . , gm are
smooth vector fields on M , and u “ pu1, . . . , umq P U . Here the control uptq
can be chosen variously, for instance, to be piecewise continuous, measur-
able, smooth, and so forth. In this paper we shall assume that U is the set
of all piecewise constant functions with finitely many discontinuities.
Our viewpoint is local, thus M can be regarded throughout this paper
as an open ball of Rn centered at a reference point. For a point p P M let
xptq be the solution of
$’&
’%
9x “ fpxq `
mÿ
j“1
gjpxqujptq,
xp0q “ p.
The solution xptq is continuous, piecewise smooth and uniquely deter-
mined by the choice of p and uptq, which we shall denote by Γpp, t, uq.
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Definition 1.1. A submanifold N of M is said to be invariant under con-
trols of (1.1) if x0 P N implies that Γpx0, t, uq P N for all possible choices of
u P U and for all t ě 0.
The purpose of this paper is to present a systematic description and a
method of construction of invariant submanifolds for (1.1). By a distribution
D of rank k we shall mean a smooth sub-bundle D of fibre dimension k of
the tangent bundle TM . A smooth real-valued function ρ is called a first
integral of D if
(1.2) Xρ “ 0
for any section X of D. A distribution D is said to be integrable if
rD,Ds Ă D,
which means that for any sections X and Y of D their Lie bracket rX, Y s
is a section of D. A system ρ “ pρ1, . . . , ρdq of smooth real-valued functions
on M is said to be non-degenerate if
dρ1 ^ ¨ ¨ ¨ ^ dρd ‰ 0 on a neighborhood of tρ “ 0u.
Theorem 1.2 (Frobenius). Let M be a smooth manifold of dimension n
and D a distribution of rank k. If D is integrable, then there exists a non-
degenerate system of n´ k first integrals ρ “ pρ1, . . . , ρn´kq.
Given a distribution D of rank k ě 2, (1.2) is over-determined, and there
are no solutions generically. Theorem 1.2 is an extreme case that (1.2) has
pn ´ kq independent solutions. This is the largest possible dimension for
the solution space. If D is not integrable one might construct an integrable
distribution of the smallest rank that contains D as a sub-bundle as follows:
Set
Dp0q “ D
and for each j “ 1, 2, . . .,
Dpjq “ Dpj´1q ` rDpj´1q,Dpj´1qs,
assuming Dpj´1q and Dpjq have constant rank. Let ν be the smallest non-
negative integer such that
Dpνq “ Dpν`1q.
We call the sequence
(1.3) D “ Dp0q Ă Dp1q Ă ¨ ¨ ¨ Ă Dpνq
the derived flag of D. Generically, this sequence ends up with the whole
tangent bundle, that is, Dpνq “ TM .
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Definition 1.3. Let Dpνq be as in (1.3). If Dpνq has rank ℓ, then D is said
to be of type pν, ℓq.
Notice that Dpνq is the smallest integrable distribution that contains D
as a sub-bundle. Theorem 1.2 is the case that D has type p0, kq. Observe
that if D has type pν, ℓq there exists a non-degenerate system of n ´ ℓ first
integrals since Dpνq is integrable in the sense of Frobenius. This implies that
M is foliated by pn´ℓq-parameter family of invariant submanifolds of D (see
Theorem 1.8). To discuss the existence of isolated (zero-parameter family)
invariant submanifolds we need the notion of the generalized first integral,
which was first introduced in [2].
Definition 1.4. LetD be a distribution. A non-degenerate set ρ “ pρ1, . . . , ρdq
of smooth real-valued functions is called a system of generalized first inte-
grals of D if (1.2) holds on the zero locus of ρ, that is, for any section X of
D,
(1.4) pXρqpxq “ 0, for all x PM with ρpxq “ 0.
In this paper, we focus our attention to the affine control system (1.1)
under an assumption that the linear span of f, g1, . . . , gm has constant rank.
Now we recall some basics of non-linear control systems. For other defini-
tions and theorems we refer the readers to our basic references [1, 12, 13, 14].
Consider the set of points that are reachable from a point in some non-
negative time. A point q PM is said to be reachable from p if q “ Γpp, t, uq,
for some u P U and for some t ě 0. The reachable set Rp of the control
system (1.1) from a point p PM is a subset of M defined by
Rp “ tΓpp, t, uq : t ě 0, u P Uu .
The control system (1.1) is said to be controllable from p PM if
(1.5) Rp “M
and it is called controllable if (1.5) holds for every p P M . We define the
orbit Op of the control system (1.1) through a point p P M to be the set of
points q PM such that either q is reachable from p or p is reachable from q.
The term fpxq in (1.1) is called the drift. It is obvious that for affine
control systems without drift we have
(1.6) Rp “ Op
for each p P M. We observe also that the Nagano-Sussmann orbit theorem
[1] holds for the affine control system (1.1) regardless of the drift, that is,
Theorem 1.5. Op is a connected immersed submanifold of M .
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Let G be the Lie algebra of vector fields generated by g1, . . . , gm. Consider
the vector space Gppq Ă TpM, which is the linear span at p P M of the left
iterated Lie brackets
rgi1, rgi2, ¨ ¨ ¨ , rgik´1, giks ¨ ¨ ¨ ss
of the vector fields g1, . . . , gm. Then we have
Theorem 1.6 (Rashevsky-Chow theorem, [1]). Let M and G be as above.
If M is connected and Gppq “ TpM for a point p PM , then Op contains an
open neighborhood of p.
Now we state our main results as follows:
Theorem 1.7. Suppose that the vector fields f, g1, . . . , gm span a subspace
D of constant rank. Let N be a submanifold defined as the common zero set
of real-valued functions ρ “ pρ1, . . . , ρdq with dρ1^¨ ¨ ¨^dρd ‰ 0. Then N is
invariant under controls of (1.1) if and only if ρ is a system of generalized
first integrals of D.
Theorem 1.8. Let D be as in Theorem 1.7. If D has type pν, ℓq, 1 ď
ℓ ď n, then M is foliated by ℓ-dimensional submanifolds that are invariant
under controls of (1.1). This type condition is given by a system of partial
differential equations of order pν ` 1q for f and gj, j “ 1, . . . , m.
Given a control system proving its controllability is primarily impor-
tant in geometric control theory, see [10]. In this paper we discuss its ‘non-
controllability’ determining the existence of invariant submanifolds. As a
possible application we would be able to design control systems with pre-
scribed invariant submanifolds. In §3 we construct the derived flag of D
and find the generalized first integrals by using various generalizations of
the Frobenius theorem on involutivity (cf. [10] and [11]). §4 is devoted to
examples of invariant submanifolds.
2. Proof of the main results
2.1. Proof of Theorem 1.7. Suppose that ρ “ pρ1, ¨ ¨ ¨ , ρdq is a non-
degenerate system of real-valued functions whose common zero set N is
invariant under controls of (1.1). To show that ρ is a generalized first integral
it suffices to show that
(2.1) pfρq pxq “ pgjρq pxq “ 0, j “ 1, . . . , m, for all x P N,
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since f, g1, . . . , gm span D. Let us fix a point p P N . If we choose control
uptq “ 0, to be constantly zero, the trajectory xptq with xp0q “ p is the
integral curve of f through p. Since N is invariant under controls of (1.1),
we have by the chain rule
(2.2) 0 “
d
dt
ρpxptqq “ p 9xρq pxptqq “ pfρq pxptqq.
Substituting t “ 0 in (2.2), we obtain
(2.3) pfρq ppq “ 0.
Now for each j “ 1, . . . , m, let uptq “ pu1ptq, . . . , umptqq P U defined by
ujptq “ 1 and uiptq “ 0 for all i ‰ j. Then there exists a unique trajectory
yptq in some finite time interval with yp0q “ p which is the integral curve of
9x “ fpxq ` gjpxq.
In a similar fashion to (2.2) and (2.3), one can deduce that
(2.4) ppf ` gjq ρq ppq “ 0.
From (2.3) and (2.4) we have
(2.5) pgjρq ppq “ 0.
Since p was arbitrary, (2.3) and (2.5) prove the assertion (2.1).
Conversely, suppose that ρ “ pρ1, . . . , ρdq is a non-degenerate system of
generalized first integrals of D. Let N be the zero locus of ρ. We now fix a
point p P N . Consider first a constant control ucptq “ c, c “ pc1, . . . , cmq.
Since f and gj are tangent to N , we see that
f `
mÿ
j“1
cjgj
is tangent to N . This implies that Γpp, t, ucq P N , that is, ρpxptqq “ 0. Now
for a piecewise constant control u “ uptq, we apply the same argument to
each piece to obtain Γpp, t, uptqq P N. Therefore, the orbit of p is contained
in N , which implies that N is invariant under the controls of (1.1). 
2.2. Proof of Theorem 1.8. Suppose that a smooth real-valued function ρ
is a first integral of D and that Z is a section of rD,Ds, namely, Z “ rX, Y s,
for some sections X, Y of D. Then
Zρ “ pXY ´ Y Xqρ “ 0.
This implies that ρ is a first integral of Dp1q. By induction, ρ is a first integral
of Dpνq. Since Dpνq is integrable and has rank ℓ, there exists a non-degenerate
system ρ “ pρ1, . . . , ρn´ℓq of first integrals by Theorem 1.2. Thus M is
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foliated by integral manifolds ρ “ constant of Dpνq, where the dimension
of each leaf is ℓ. Moreover, Theorem 1.7 implies that each leaf N is an
invariant submanifold under controls of (1.1). Notice that the condition
rDpνq,Dpνqs Ă Dpνq involves the derivatives of f, gj, j “ 1, . . . , m, up to
order ν ` 1. This will be shown more explicitly in the dual arguments of §3,
where we construct the derived flag of the associated Pfaffian system. 
3. Construction of the derived flag and the generalized
first integrals
This section is mainly concerned with the systematic construction of the
derived flag and the generalized first integrals of a distribution, which are
defined in §1. For the sake of computation, we use the exterior differentiation
and algebraic operations on differential ideals instead of vector fields and
their brackets. This approach has been used also in [2, 8, 9] for the cases of
real vector fields and in [5, 6, 7] for the cases of complex vector fields. The
notion of type for Pfaffian system (Definition 3.2) is due to R. B. Gardner [4].
Let M be a smooth real manifold of dimension n. Let Ω0 be the ring of
smooth real-valued functions on M and Ωk p1 ď k ď nq the module over Ω0
of smooth k-forms on M with smooth real coefficients. Then Ω˚ :“ ‘nk“0Ω
k
is the exterior algebra equipped with operations of the wedge product ^
and the exterior differentiation d. Our standard reference for this section is
[3].
Definition 3.1. A subalgebra I of Ω˚ is called an algebraic ideal if
(i) I ^ Ω˚ Ă I;
(ii) if φ “
řn
k“0 φk P I, φk P Ω
k, then each φk is in I (homogeneity
condition).
Note that the homogeneity condition implies that I is a two-sided ideal,
that is,
Ω
˚ ^ I Ă I.
Let ψ “ pψ1, . . . , ψlq be a system of smooth differential forms of any degree.
We denote by pψq the algebraic ideal generated by ψ. Then each element of
pψq has the form
lÿ
k“1
ξk ^ ψk
for some ξk P Ω˚. For α, β P Ω˚, if α ´ β P pψq we write α ” β, mod pψq.
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Now let X1, . . . , Xp be linearly independent smooth vector fields on M
and D a distribution generated by them. Consider a system of indepen-
dent smooth 1-forms θ :“ pθ1, . . . , θsq, s ` p “ n, on M which annihilates
X1, . . . , Xp. We denote by I the sub-bundle of the cotangent bundle T
˚M
generated by θ. Now we fix notations: For any sub-bundle I of T ˚M we
denote by I the Ω0-module of smooth sections of I and by pIq the alge-
braic ideal of Ω˚ generated by the smooth sections of I. Then the Frobenius
integrability for D becomes
(3.1) dI Ă pIq.
A set of real-valued functions ρ “ pρ1, . . . , ρdq is a first integral if
(3.2) dρ P I.
Now we consider the composition of the exterior differentiation d : I Ñ Ω˚
and the natural projection π : Ω˚ Ñ Ω˚{pIq:
I
d
ÝÑ Ω2
π
ÝÑ Ω2{pIq.
Then δ :“ π ˝ d is a module homomorphism. We define a sub-module Ip1q of
I by setting
Ip1q “ ker δ.
Assuming that Ip1q has constant rank, Ip1q Ă T ˚M is now a sub-bundle of
T ˚M which we call the first derived system of I. Then the sequence
0Ñ Ip1q Ñ I
δ
ÝÑ dI{pIq Ñ 0
is exact. Assuming that Ipk´1q has constant rank onM , we define inductively
the k-th derived system Ipkq of I by the exactness of
0 Ñ Ipkq Ñ Ipk´1q
δ
ÝÑ dIpk´1q{pIpk´1qq Ñ 0.
By setting ν to be the smallest non-negative integer such that
Ipνq “ Ipν`1q
we obtain a sequence
I “ Ip0q Ą Ip1q Ą ¨ ¨ ¨ Ą Ipν´1q Ą Ipνq,
which we shall call the derived flag of I. Notice that Ipνq is the largest sub-
bundle of I that satisfies the Frobenius integrability (3.1). Moreover, by
using the formula
dϕpX, Y q “ XϕpY q ´ Y ϕpXq ´ ϕprX, Y sq
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for all 1-form ϕ and all smooth vector fields X and Y , it is easy to see that
for each k “ 0, 1, . . . , ν,
(3.3) Dpkq
K
“ Ipkq.
Definition 3.2. Let I and Ipνq be as above. If Ipνq has rank q, then I is
said to be of type pν, qq.
Compare this to Definition 1.3 and observe that I has type pν, qq if and
only if D has type pν, n ´ qq by (3.3). We observe also that (3.2) implies
dρ P Ip1q and inductively dρ P Ipνq. Thus we have the following proposition,
which is a basic observation of [4].
Proposition 3.3. A real-valued function ρ is a first integral if and only if
dρ P Ipνq. Therefore, if I has type pν, qq then there is a q-parameter family
of non-degenerate first integrals.
Now the defining property (1.4) of the generalized first integral states as
follows:
Proposition 3.4. On a smooth manifoldMn, let D be a distribution spanned
by vector fields X1, . . . , Xp, and θ “ pθ
1, . . . , θsq, p` s “ n, be 1-forms that
annihilate D. Let ρ “ pρ1, . . . , ρdq, d ď s, be a non-degenerate set of smooth
real-valued functions. Then ρ is a system of generalized first integrals of D
if and only if
(3.4) dρµ P pρ, θq, µ “ 1, . . . , d.
Now let ω1, . . . , ωp be a set of closed smooth 1-forms that completes θ
to a local coframe
(3.5) pθ1, . . . , θs, ω1, . . . , ωpq
of M . Set
(3.6) dθl ”
ÿ
jăk
T lj,kω
j ^ ωk, mod pθq, l “ 1, . . . , s.
In matrices, (3.6) is written as
(3.7)
»
–dθ
1
...
dθs
fi
fl ”
»
—–
T 1
1,2 T
1
1,3 ¨ ¨ ¨ T
1
p´1,p
...
...
T s
1,2 T
s
1,3 ¨ ¨ ¨ T
s
p´1,p
fi
ffifl
looooooooooooooomooooooooooooooon
T
»
——–
ω1 ^ ω2
ω1 ^ ω3
...
ωp´1 ^ ωp
fi
ffiffifl , mod pθq.
T in (3.7) is a matrix of size sˆ
`
p
2
˘
, called the torsion matrix with respect
to the coframe (3.5). If T ” 0, this is the case of the Frobenius theorem. If
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T ı 0, then we find generators of Ipνq as follows: Suppose that
(3.8) φ :“
sÿ
γ“1
aγθ
γ P Ip1q “ ker δ.
Then we have
(3.9) dφ ”
sÿ
γ“1
aγdθ
γ ” 0, mod pθq.
Substituting (3.6) for dθγ in (3.9), it follows from the independence of ωk^ωl
in Ω2{pIq that the row vector pa1, . . . , asq belongs to the left null-space of
T . By finding the generators of the left null-space of T we obtain a set of
generators (3.8) of Ip1q. Then by the linear algebra of the torsion matrix for
the Pfaffian system Ip1q, we obtain the generators of Ip2q, and for Ipνq by
induction.
We use similar arguments for the generalized first integrals. Suppose
that ρ “ pρ1, . . . , ρdq, d ď s, is a non-degenerate system of generalized first
integrals of D. Then, for each µ, 1 ď µ ď d, dρµ P pρ, θq, namely
(3.10) dρµ “
dÿ
λ“1
ρλψ
µ
λ `
sÿ
γ“1
bµγθ
γ
for some smooth 1-forms ψµλ and some smooth functions b
µ
γ . Applying d to
(3.10), we have
(3.11) 0 ”
sÿ
γ“1
bµγdθ
γ, mod pρ, θq, µ “ 1, . . . , d.
Consider the matrix of coefficients
B “
»
–b
1
1
¨ ¨ ¨ b1s
...
...
bd
1
¨ ¨ ¨ bds
fi
fl .
In matrices (3.11) can be written as»
——–
0
0
...
0
fi
ffiffifl ” BT
»
——–
ω1 ^ ω2
ω1 ^ ω3
...
ωp´1 ^ ωp
fi
ffiffifl , mod pρ, θq.
Since ωk ^ ωl are independent 2-forms we have
BT ” 0, mod pρq.
Moreover, since pρ1, . . . , ρdq are non-degenerate B has maximal rank d on
the zero locus of ρ, which implies that rank T ď s ´ d on the zero locus of
ρ. Thus we observed that any square sub-matrix of T of size s´ d` 1 has
determinant zero on the zero locus of ρ. Then we factor those determinants,
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find non-degenerate functions that generate all those determinants, which
are the candidates to be the generalized first integral ρ. Finally, if thus found
ρ satisfies (3.4), then ρ is the desired system of generalized first integrals.
4. Examples
The examples we present in this section are rather artificial, devised
simply to show how our method works.
Example 4.1 (a single invariant submanifold). Consider an affine control
system on R3 “ tpx, y, zqu given by
(4.1)
»
– 9x9y
9z
fi
fl “
»
–1y
0
fi
fl
lomon
g1
u1 `
»
– 01
xz
fi
fl
lomon
g2
u2 :“ g1u1 ` g2u2,
where R3 “ tpx, y, zqu is the state space and pu1, u2q P R
2 are controls. Then
θ “ xyz dx´ xz dy ` dz
annihilates g1 and g2. We take up a coframe tθ, dx, dyu. Then with respect
to this coframe
dθ ” ´zp1` xqloooomoooon
T
dx^ dy, mod pθq.
In this case the torsion is a 1ˆ1 matrix T “ ´zp1`xq. Any non-degenerate
factor of T , in particular, ρpx, y, zq “ z is a candidate for generalized first
integral. Now we shall examine the condition (3.4) for ρpx, y, zq “ z. Indeed,
we have
dρ “ dz “ θ ´ ρpxydx´ xdyq P pρ, θq.
Therefore, tz “ 0u is an invariant submanifold. Since g1 and g2 are inde-
pendent on z “ 0 the system (4.1) restricted on z “ 0 is controllable.
Example 4.2 (no invariant submanifolds). We slightly change (4.1) to»
– 9x9y
9z
fi
fl “
»
–1y
0
fi
fl
lomon
h1
u1 `
»
– 01
xy
fi
fl
lomon
h2
u2 :“ h1u1 ` h2u2.
In the same way as in the previous example we have
θ “ xy2dx´ xydy ` dz,
so that
dθ “ ´yp1` 2xqlooooomooooon
torsion
dx^ dy.
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Now ρpx, y, zq “ y is a non-degenerate factor of the torsion, which is unique
modulo multiplication by unit. Hence the only candidate to be an invariant
submanifold is y “ 0. However,
dρ “ dy R py, θq,
therefore, there are no invariant submanifolds.
Example 4.3 (foliation by invariant submanifolds, vehicle on a slanted
plane). First we describe the motion of a car on a slanted plane as follows:
Let M “ tpx, y, z, wq : x, y, z P R3, w P S1u be the state space of the affine
control system »
——–
9x
9y
9z
9w
fi
ffiffifl “
»
——–
cos φ0 cosw
sinw
sinφ0 cosw
0
fi
ffiffiflu1 `
»
——–
0
0
0
1
fi
ffiffiflu2,
where px, y, zq is the position of the center of mass of the car and w is the
angle measured from the first coordinate axis of the slanted plane to the
direction of the vehicle. Assuming the slanted plane meets with the xy-
plane along y-axis, the first coordinate line of the slanted plane intersects
with y-axis perpendicularly, and φ0, 0 ă φ0 ă π{2, is the angle between
these two planes. We assume two possible motions of a car: one can drive
the car forward and backwards with a fixed linear velocity u1 P R, and turn
the car around its center of mass with a fixed angular velocity u2 P R. We
note that this control system is a modification of the typical model of a car
in R2ˆS1 (cf. [1, Example 1.29]). However, we shall work in a more general
setting so that a and b are assumed to be any positive real numbers. We
consider
(4.2)
»
——–
9x
9y
9z
9w
fi
ffiffifl
lomon
9x
“
»
——–
a cosw
sinw
b cosw
0
fi
ffiffifl
loooomoooon
g1
u1 `
»
——–
0
0
0
1
fi
ffiffifl
lomon
g2
u2 :“ g1u1 ` g2u2.
The system of 1-forms θ “ pθ1, θ2q given by
θ1 “ b dx´ a dz,
θ2 “ b cosw dy ´ sinw dz
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annihilates g1 and g2. Let I :“ pθq be the ideal. Then we have„
dθ1
dθ2

“
„
0
´b sinw dw ^ dy ´ cosw dw ^ dz

”
„
0
secw dz ^ dw

, mod pθ2q.
We see that I has type p1, 1q and the first derived system Ip1q is generated
by θ1. The first integral is
ρpx, y, z, wq “ bx´ az,
and therefore, hyperplanes
(4.3) bx´ az “ constant
are invariant under controls of (4.2). Since g1, g2 and
rg1, g2s “ pa sinw,´ cosw, b sinw, 0q
t
are independent on each hyperplane of (4.3) the control system (4.2) re-
stricted to each of these invariant hyperplanes is controllable by (1.6) and
Theorem 1.6.
Example 4.4 (slanted plane with drift). Consider an affine control
(4.4) 9x “ fpxq ` g1pxqu1 ` g2pxqu2,
where x and g1, g2 are the same as in (4.2) and f is a drift. The following
are obvious:
a) If f is contained in the linear span of (g1, g2q then ρpx, y, z, wq “ bx´ az
is a first integral, and therefore, M is foliated by the invariant submanifolds
ρ “ constant.
b) If f has a non-zero component only in y-direction, then ρpx, y, z, wq “
bx´ az is a first integral because ρ is independent of y variable.
c) For generic choices of f invariant submanifolds do not exist.
A single invariant submanifold, or equivalently, a generalized first in-
tegral, occurs only under special assumptions on f . For instance, if f “
pφ, 1, 0, 0qt, where φ is any function that is divisible by ρ “ bx ´ az, then
ρ is a generalized first integral, therefore, a single hyperplane ρ “ 0 is in-
variant under controls of (4.4). This is obvious because f “ p0, 1, 0, 0qt on
ρ “ 0, so that f has only y-directional component. In fact,
(4.5) θ “ ´b cosw dx` bφ cosw dy ` pa cosw ´ φ sinwqdz
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annihilates f, g1 and g2. Since dρ “ bdx ´ adz and φ is divisible by ρ,
rearranging the right hand side of (4.5) we have
(4.6) θ “ ´ cosw dρ` ραpb cosw dy ´ sinw dzq, for some function α.
Solving (4.6) for dρ yields (3.4). Observe also that
(4.7) dθ ” ´φ secw dw^ dz` b cosw dφ^ dy´ sinw dφ^ dz, mod pθq.
Since φ “ ρα, for some α, (4.7) implies that
(4.8) dθ “ ρ^Ψ1 ` dρ^Ψ2 ` θ ^Ψ3, for some Ψj P Ω˚, j “ 1, 2, 3.
For the tangent vectors to ρ “ 0 the first two terms of the right hand side
are zero and (4.8) implies that θ is Frobenius integrable on ρ “ 0. But in
this particular case, the foliation has a single leaf: the submanifold ρ “ 0
itself.
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